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Abstract
An innovation diffusion model is extended to n competing products. The globally asymptotic stability of the system is proved
by constructing a Lyapunov function.
c© 2006 Elsevier Ltd. All rights reserved.
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1. Introduction
Innovation diffusion models can be used to forecast social reaction to different products. Recently, innovation
diffusion models of a new product have been studied in [1,2]. The global stability of the model for two products has
been analyzed in detail in the paper [3] by exploiting the Poincare´–Bendixson theorem. However, the competition of
many products in the market is quite ordinary due to the progression of economics, science, and techniques. Thus, it is
important to consider the general case in which n products compete in the market. It is well known that the asymptotic
behavior of higher dimensional systems is quite complicated; for example, there can be strange attractors, chaos etc.,
and that qualitative analysis with higher dimensional models is much more difficult than that with two-dimensional
models. The paper [4] considers the global stability of the innovation diffusion model for three competitive products
by applying the Stokes theorem. However, the methods in [4] are complex and cannot be applied in higher dimensions.
Due to the limitations of the analysis methods in [3,4], the analysis concerning the global stability of the model for
n products is very difficult. To our knowledge, there has not been a paper considering this case. The purpose of this
work is to analyze the global stability of the model for n products by using a simple general method—–constructing
a Lyapunov function.
We divide the total population at time t into n + 1 disjoint classes. This means that we consider products such that
each adopter uses only one product, so we neglect the case where adopters can use more than one product at the same
time. This seems realistic for many cases. The n +1 classes are: the number of nonusers of all products, the number of
users of product i , respectively denoted by N, Ai , i = 1, . . . , n. Following the theory of innovation diffusion [5], we
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choose advertisement force, interpersonal contact between adopters and users, and returning rate from adopter class
to nonuser class as key parameters. We consider the model
dN
dt
= β − δN −
n∑
i=1
γi N −
n∑
i=1
λi Ai N +
n∑
i=1
vi Ai ,
dAi
dt
= (γi + λi Ai )N − (δ + vi )Ai , i = 1, . . . , n,
(1.1)
where β is the immigration rate of population (we assume that new immigrations are nonusers of all products), δ is the
emigration rate of population, γi represents the intensity of advertisement of product i , λi represents the valid contact
rate of users of product i with nonusers and vi is the aborting rate of users of product i . We suppose that all of the
parameters are positive constants.
The feasible region for (1.1) is Rn+1+ , the positive orthant of Rn+1. Adding all the equations in (1.1) we have
d
dt
(
N +
n∑
i=1
Ai
)
= β − δ
(
N +
n∑
i=1
Ai
)
, (1.2)
which has the following implication: the n-dimensional simplex
Γ =
{
(N, A1, . . . , An) ∈ Rn+1+ : N +
n∑
i=1
Ai = β
δ
}
is positively invariant; system (1.1) is dissipative and the global attractor is contained in Γ .
For simplicity, we denote β
δ
by C and δ+ vi by αi . On the simplex, (1.1) is reduced to the following n-dimensional
system:
dAi
dt
= (γi + λi Ai )
(
C −
n∑
j=1
A j
)
− αi Ai , i = 1, . . . , n. (1.3)
Since we are interested in the asymptotic behavior of the model, it is sufficient to study (1.3) in the region
D = {(A1, A2, . . . , An) : 0 ≤ ∑ni=1 Ai ≤ C}.
2. Global stability of the model
In this section, first we study the existence and uniqueness of a positive equilibrium and obtain the following result:
Theorem 2.1. If λ1
α1
, λ2
α2
, . . . , λn
αn
are not equal to each other, then system (1.3) has a unique positive equilibrium.
Proof. By setting the right side of (1.3) equal to zero, we have
C −
n∑
i=1
Ai = α1 A1
γ1 + λ1 A1 =
α2 A2
γ2 + λ2 A2 = · · · =
αn An
γn + λn An . (2.1)
Without loss of generality, we suppose λ1
α1
is the maximum of λi
αi
(i = 1, . . . , n). From (2.1), we have
Ai = α1γi A1
αiγ1 + (αiλ1 − α1λi )A1 . (2.2)
Let
gi(A1) = α1γi A1
αiγ1 + (αiλ1 − α1λi )A1 , i = 1, . . . , n.
After simple calculations, we have g′i(A1) > 0, i = 1, . . . , n. Hence, gi (A1) are continuous and strictly increasing
functions of A1 on [0, C]. It is easy to see from (2.1) that
C =
n∑
i=1
Ai + α1 A1
γ1 + λ1 A1 =
n∑
i=1
gi (A1) + α1 A1
γ1 + λ1 A1 . (2.3)
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Obviously, the right side of (2.3) is a strictly increasing function of A1 on [0, C]. Furthermore, it increases from 0 to
C +∑ni=2 gi(C) + α1Cγ1+λ1C > C . It follows that there is a unique positive solution A∗1 on [0, C]. Therefore, system(1.3) has a unique positive equilibrium E(A∗1, A∗2, . . . , A∗n). 
Next we consider the global stability of the positive equilibrium. Set
A =
n∑
i=1
Ai , A∗ =
n∑
i=1
A∗i .
We have the following main result:
Theorem 2.2. The positive equilibrium E(A∗1, A∗2, . . . , A∗n) of (1.3) is globally asymptotically stable.
Proof. Rewriting system (1.3), we have
dAi
dt
= (C − A)
[
γi + λi Ai − αi Ai
(C − A)
]
= (C − A)Ai
[
γi
Ai
+ λi − αi
(C − A)
]
= (C − A)Ai
[
−γi(Ai − A
∗
i )
Ai A∗i
− αi (A − A
∗)
(C − A)(C − A∗)
]
, i = 1, . . . , n.
(2.4)
Consider a Lyapunov function
V =
n∑
i=1
bi
(
Ai − A∗i − A∗i ln
Ai
A∗i
)
,
where bi (i = 1, . . . , n) are positive constants to be chosen below. The derivative of V along the solution of system
(2.4) is
dV
dt
= (C − A)
[
−
n∑
i=1
biγi
(Ai − A∗i )2
Ai A∗i
−
n∑
i=1
biαi
(A − A∗)(Ai − A∗i )
(C − A)(C − A∗)
]
= (C − A)
[
−
n∑
i=1
biγi
(Ai − A∗i )2
Ai A∗i
− b1α1 (A − A
∗)2
(C − A)(C − A∗)
+
n∑
j=2
b1α1
(A − A∗)(A j − A∗j )
(C − A)(C − A∗) −
n∑
j=2
b jα j
(A − A∗)(A j − A∗j )
(C − A)(C − A∗)
]
.
Hence, the choice
b1 = 1, b j = α1
α j
, j = 2, . . . , n
yields
dV
dt
= (C − A)
[
−
n∑
i=1
α1γi (Ai − A∗i )2
αi Ai A∗i
− α1(A − A
∗)2
(C − A)(C − A∗)
]
≤ 0.
Thus, dVdt = 0 if and only if Ai = A∗i (i = 1, . . . , n). It follows that (A∗1, . . . , A∗n) is the largest invariant subset in the
set where dVdt = 0. The conclusion follows from LaSalle’s invariance principle [6]. 
Corollary 2.1. (C − A∗, A∗1, . . . , A∗n) is globally attractive for system (1.1).
Proof. Let us consider an arbitrary positive solution (N(t), A1(t), . . . , An(t)) of (1.1). By (1.2) we have
N(t) +
n∑
i=1
Ai (t) = C + be−δt , (2.5)
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where b is a positive constant. Then we can rewrite the last n equations of (1.1) as
dAi
dt
= (γi + λi Ai )(C + be−δt − A) − αi Ai i = 1, . . . , n. (2.6)
Since be−δt → 0 as t approaches infinity, (1.3) is the limiting system of (2.6). Note that E(A∗1, . . . , A∗n) is globally
stable for (1.3); it follows from [7] or [8] that
(A1(t), . . . , An(t)) → (A∗1, . . . , A∗n), as t → ∞.
Combining this with (2.5), we see that any positive solution of (1.1) satisfies
(N(t), A1(t), . . . , An(t)) → (C − A∗, A∗1, . . . , A∗n), as t → ∞.
This shows that (C − A∗, A∗1, . . . , A∗n) is globally attractive for system (1.1). 
Theorem 2.2 implies that adopters of the n competitive products will eventually be in a steady state no matter what
the size of the initial positions. As a result, the outcome of the n competing products is determined by the positive
equilibrium.
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